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The Distribution of Information

Megan Czasonis, Mark Kritzman, Fangzhong Liu,
and David Turkington

KEY FINDINGS

m Classical statistics assesses the confidence of a prediction by measuring error variance,
estimation variance, or the sum of both. More complex machine learning models assess
confidence using empirical methods, such as resampling or conformal prediction.

m Model-based measures of confidence, however, are likely to be unrealistically tight
because they assume that the model is specified correctly and the predictive variables
are measured without error.

m Relevance-based prediction, a model-free prediction technique, assesses the reliability
of a prediction from the distribution of information that is used to form a prediction.
It gives a more realistic assessment of an individual prediction’s reliability because it
does not rely on model correctness or the assumption that the predictive variables are
error-free.

ABSTRACT

Classical statistics assesses the confidence of a prediction by measuring error variance,
estimation variance, or the sum of both. More complex machine learning models assess
confidence using empirical techniques, such as resampling or conformal prediction. These
methods implicitly assume that the model is correctly specified and the predictive variables
are measured without error. The authors describe a model-free approach to prediction,
called relevance-based prediction, which does not rely on a model’s correctness or assume
that the predictive variables are error-free. It measures the uncertainty of each individual
prediction based on the unique distribution of information that is used to form the prediction.

model or a neural network. In classical statistics, there are three distinct concepts

that relate to a prediction’s confidence: Error variance reflects irreducible
randomness in outcomes, estimation variance reflects noise in the prediction value
that results from error-prone parameter estimates, and predictive variance is the sum
of error variance and estimation variance, which determines the width of a prediction
interval. These concepts can be derived analytically for a linear regression model.
For more complex machine learning models, such as a neural network, it is usually
impossible to determine these quantities analytically, but one may approximate them
using empirical techniques, such as resampling or conformal prediction. In all these
cases, for both classical statistics and machine learning, the estimated measures of
confidence may be unrealistically tight because they assume that the model is correctly
specified and the predictive variables are measured without error.

D ata-driven predictions are usually formed by models, such as a linear regression


mailto:mczasonis@statestreet.com
mailto:mczasonis@statestreet.com
mailto:kritzman@mit.edu
mailto:fliu6@statestreet.com
mailto:dturkington@statestreet.com
mailto:dturkington@statestreet.com

2 | Confidence Revisited: The Distribution of Information Fall 2026

We propose a new framework for measuring prediction uncertainty based on a
model-free prediction technique called relevance-based prediction (RBP). RBP gives
a measure of prediction uncertainty that does not depend on the correctness of
a parameterized model, because there is no model, nor does it assume that the
predictive variables are error-free. RBP forms a prediction as a weighted average of
observed outcomes, which allows us to see precisely how each observation informs
the prediction. This transparency allows us to observe the distribution of information
that goes into each prediction, whereby each observation corresponds to a solo
prediction and a probability weight. RBP associates prediction uncertainty with the
alignment of the information that goes into a prediction. If the information is mutually
supportive, which would show up as a tight distribution, we should be more confident
in the prediction. If it is mutually contradictory, as evidenced by a wide distribution,
we should be less confident.

To build intuition for this approach, consider a simple nearest-neighbors prediction
rule that also forms a prediction as a weighted average of outcomes. If we include
only one nearest neighbor, its solo prediction equals its outcome, and its probability
weight equals 1. If we include n nearest neighbors, their solo predictions are their
respective outcomes and their weights are 1/n each. RBP is much more sophisti-
cated and powerful than a nearest-neighbors rule. RBP weights reflect both how an
observation extrapolates to the current prediction task and the importance of the
observation. We must, therefore, transform RBP’s original outcomes and weights into
a set of solo predictions and modified weights that we can interpret as a distribution.

We proceed as follows. First, we describe partial sample regression, which is
a building block of RBP. It forms a prediction as a weighted average of observed
outcomes in which the weights come from a precisely defined and theoretically jus-
tified statistic called relevance. Linear regression predictions emerge as a special
case of partial sample regression. We show how to construct distributions of the
information that is used to form individual predictions, and we provide simulations to
support our analysis. We then introduce the notion of fit, which quantifies the preva-
lence of useful patterns in a dataset pertaining to one specific prediction. Fit enables
us to compute a composite prediction from a prediction grid that comprises many
combinations of observations and predictive variables. Each cell in the prediction grid
gives a partial sample regression prediction and an associated measure of reliability.
The grid’s composite prediction is formed as a reliability-weighted average of each
cell’'s prediction. We describe how to form distributions of information aggregated
from all the cells that form the grid’s composite prediction, and we give an empirical
illustration of solo distributions derived from grid prediction. Finally, we compare fit
and the distribution of solo predictions with an analogy to a signal-to-noise ratio and
then conclude with a summary.*

PARTIAL SAMPLE REGRESSION

Partial sample regression forms a prediction as a weighted average of observed
outcomes in which the weights are based on a statistic called relevance. Relevance is
composed of similarity and informativeness, which are both measured as Mahalanobis
distances, as shown in Equations 1 through 4.

r,=sim(x, x,) + %(info(x,., X)+info(x,, X)) (1)

*The descriptions of partial sample regression and relevance-based prediction throughout this
article follow closely language used from Czasonis et al. (2022a, 2022b, 2023, 2025a, 2025b, 2025c¢),
but they are modified to fit the context of the current discussion.
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sim(x,,x,) = —%(xi —x)Q7(x,— x,) (2)
info(x, X) = (x, — X)Q(x, - XY (3)
info(x,, X) = (X, — X)Q " (x, — XY’ 4)

In Equations 1 through 4, x; is a vector of the values of K predictive variables for a
prior observation, x, is a vector of the values of the predictive variables for a specific
prediction task, x = 1,1, XN is the average of the predictive variables across all
observations, Q™ is the inverse of the covariance matrix of all the observations of
the variables, and * denotes matrix transpose. All else being equal, observations that
are like the prediction circumstances but different from average circumstances are
more relevant than those that are not.

This definition of relevance is not arbitrary. We know from information theory
that the information contained in an observation is the negative logarithm of its
likelihood.? We also know from the central limit theorem that the relative likelihood of
an observation from a multivariate normal distribution is proportional to the exponential
of a negative Mahalanobis distance. Therefore, the information contained in a point
on a multivariate normal distribution is proportional to a Mahalanobis distance.
If we define weights in terms of relevance, as shown in Equation 5, which admits the
relevance-weighted average of every prior outcome in the full sample of observations,
the result is precisely equivalent to the prediction given by linear regression.?

1 1

= ®

W, . =—
it,linear N

Partial sample regression assumes that we can produce a more reliable prediction
by censoring observations that are less relevant than a chosen threshold, which leads
to the following definition of prediction weights.

2

1 _
Wit partial = N + n—1 (S(rit ) e — (prsub) (6)
1 ifr>r*
o(r,) = (7)
0 ifr<r®
1 N,
A2 = Gf,full . N-1 zizl i ]
B 02 - 1 N 2 ( )
r,retained o1 Zi:l S(f;t )f;t

In Equations 5 through 8, n= les(rit) is the number of observations that are

fully retained, ¢ = n/N is the fraction of observations in the retained sample, and
_ 1
rsub = ;

sample. It is important to note that w, ..,

leﬁ(rn)rn is the average relevance value of the observations in the retained
depends crucially on the prediction

2Shannon showed that information is an inverse logarithmic function of probability, which is a key
insight from his comprehensive theory of communication. See Shannon (1948).
3See Czasonis et al. (2023) for proof of this result.
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circumstances x,. Relevance is reassessed for each prediction circumstance, which
further affects the identification of the retained subsample and introduces nonlinear
conditional dependence of the prediction y, on the prediction circumstances x,.
The scaling factor A’ compensates for a bias that would otherwise result from relying
on a small subsample of highly relevant observations. In the case of linear regression,
n =N and A? = 1. Lastly, note that the weights always sum to 1.*

The prediction given by partial sample regression is shown in Equation 9.

N 1 A _
yt—Zi(ﬁ-l-n_l(s(rit)rit_q)rsub)]yi (9)

We can equivalently express the prediction in terms of deviations from the full

sample y, as shown in Equation 10.

}\‘2
n-1

V=7 =—=2.8r)r(y,~ V) (10)

Even though Equation 10 uses y based on the full sample, only honcensored
retained observations cause the prediction to tilt away from the full sample average.
The prediction’s tilts emanate only from the subsample where §(r,) = 1. This feature
allows us to construct a predictive distribution because we ignore censored
observations. We cannot ignore censored observations in Equation 6 because the
term or_,, implicitly manufactures the effect of the full sample y.

As we have shown previously,” we can express A? equivalently as follows:

22— S _ info(x,) _ info(x,) _ (n—1)info(x,)

2 -2 -1 - 2
o2 _ o2 _ z 2 d(r,)r;
r,retained r,retained 1 JS(I’Jt)I’Jt Z j Jttjt

(11)

These equivalences allow us to cancel out n — 1 in Equation 10, giving us a new
equation.

N info(x,) =
Yi—Yy= Z/S(rﬁ)rf Ziﬁ(rn)r"t(y" y) 12)

J

SOLO PREDICTION

By removing n — 1 from Equation 10, we are now able to make a prediction from
a single observation, solo(i), which has deviations from y, as shown in Equations 13
and 14.

- _ info(x,) _
Yesonty =Y = Tt n(y,—¥) (13)
it
. _ info(x _
ytso/o(i)_yz r( t)(-yi_y) (14)

“See Czasonis et al. (2023) for proof of this result.
®See Czasonis et al. (2022a).
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The solo prediction scales the outcome deviation (y,—y) by a simple factor,
which is intuitive. If the observation is equal to x,, the scaling factor will equal 1
and the prediction will be formed from the outcome that occurred in the identical
circumstance. All else being equal, as the informativeness of the current prediction
circumstance x, increases, the prediction amplifies the impact of the deviation for
observation i.° If observation i is highly relevant, the deviation will be scaled back.
If the observation is not very relevant, it will be scaled up. This scaling is necessary
to express the observed outcome in the same expected scale as the prediction task.
The scaling factor also contains a positive or negative sign, so it has the potential to
flip the direction of the deviation. The solo prediction is technically undefined when
relevance equals exactly zero because the observation is orthogonal to the task and
cannot be used to inform it.

As we show next, we can combine solo predictions to form the actual prediction,
thereby accounting for multiple observations. Observations that we censor using
d(r,) = O receive zero weight in the composite sum, thus nullifying the impact of their
extreme solo predictions. Solo predictions that are undefined because relevance
equals exactly zero also receive zero weight in the composite sum, and it is appropriate
to treat these instances as zero contributions to the composite prediction.

CONTRIBUTION OF A SOLO PREDICTION

Consider the contribution, contr(i), of a single observation to a multi-observation
prediction’s deviation from the unconditional average:

_ _info(x,) _

Veconrty =Y =~z e (Y= 15
yt,contr(l) y z]s(rjt)rj ;t(y, y) ( )

If we express contribution as a weight & times that observation’s solo prediction:
yt,contr(i) - -V = éi(yt,solo(i) - -7) (16)

Then

&,’: yt,contr(i) _X (17)
-y

t,solo(i)
This substitution cancels out many terms, leading to

2
e

&= m (18)

The weight placed on the solo prediction of a retained observation (5(r,) = 1) is
equal to its squared relevance as a fraction of the sum of the squared relevance
of all the other retained observations. Clearly these weights sum to 1, they are all
nonnegative, and the weights of the censored observations in this context are all O.

®Each prediction contains both a signal and noise. As the impact is scaled up, so too is the noise,
which leads to more uncertainty about the prediction.
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BUILDING A DISTRIBUTION OF SOLO PREDICTIONS

Rewriting the weight formula so that the weights are all positive allows us to
calculate a distribution of solo predictions. Each solo prediction is scaled and signed
as a conceptually viable prediction that receives a weight &, in the actual partial
sample regression prediction. Together, these solo prediction deviations and weights
define a histogram or distribution of relative likelihood.

Censored observations receive zero weight, so they are censored from the
distribution as they are from the prediction. They have no effect irrespective of their
solo prediction values. Observations with very low relevance may result in unrealistic
solo predictions, but their probability weights in the histogram will be extremely small.
Rather than showing unrealistic outliers in a distribution that extrapolates noise to
extremes, a graphical solution for this issue is to show cumulative tail bars on both
sides of the distribution, limiting the display to a reasonable range. This distribution
will only reflect retained observations, just as the prediction itself only reflects retained
observations, setting aside the computation of y.

It is important to distinguish this distribution from the distributions implied by
model-based estimates of error variance and estimation variance. The distribution of
solo predictions is a distribution of the information that is used to form each individual
prediction y, .- It, therefore, allows us to measure prediction uncertainty in a way
that captures nuanced details about how each prediction is formed that would be
obscured by a distribution that is derived from summary statistics or empirically
resampled predictions. Moreover, unlike classical measures of confidence that are
based on the same theoretical distribution for all predictions, the distributions of
solo predictions are specific to each individual prediction task.

SIMULATIONS OF THE DISTRIBUTION OF SOLO PREDICTIONS

Linear Regression

We now simulate a synthetic data sample of 100,000 observations to illustrate
the distributions of y, .- First, we randomly draw values of a single predictive X
variable from a standard normal distribution. Next, we form outcomes Y as the values
of the predictive variable plus the values of a simulated error term, which also comes
from a standard normal distribution.

To provide a point of reference with classical statistics, we show the distribution
of ¥, w0y fOr Predictions given by linear regression, which is the only model-based
prediction for which we observe the distribution of y, .. We can observe this
distribution owing to the equivalence of linear regression with RBP in the special
case in which partial sample regression is applied to all the observations.

The left panel of Exhibit 1 shows the distribution of the solo predictions for the
prediction task of x,= 1, and the right panel shows the distribution for the task x, = 2.
The gray bars show the distribution of the solo predictions given by each observation,
and the orange lines show the classical distribution of potential outcomes implied
by the error variance estimated from the regression residuals. Both are probability
density functions that integrate to 1.

This example highlights the differences between RBP’s distribution of solo
predictions, classical error variance, and classical estimation variance. In this
experiment, the classical estimation variance of the prediction is extremely small
because the noise in 100,000 observations mostly cancels out in the prediction
estimates. In other words, the predictions y, are nearly certain to be close to their
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Solo Distributions and Classical Error Variance Distributions
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NOTE: RBP = relevance-based prediction.

theoretical values given this large sample. We do not show the distributions implied
by the estimation variance in Exhibit 1, because they would be extremely pointed
narrow distributions near the average prediction. By contrast, the classical error vari-
ance, which creates the distributions shown in orange, does not become so narrow,
because no matter how reliable the overall prediction value becomes, actual outcomes
include the influence of the error term that has an irreducible variance. Likewise, the
distribution of solo predictions does not converge to a narrow outcome, because the
information contributed by each observation contains noise from the randomness in
the data sample.

Exhibit 1 has several interesting takeaways. First, the distributions of the
solo predictions when the value of the predictive variable equals 1 and 2 are both
reasonably close to the classical error distribution, which confirms that they are
sensible. Second, the distributions of solo predictions are different from each other,
which highlights the fact that the solo predictions depend crucially on the prediction
circumstances. The classical error distribution, by contrast, has the same variance
irrespective of the value of the predictive variable. It is based on the average squared
residuals across all predictions and does not recognize that some predictions can
be more reliable than others. It is worth noting that if we average the variance of
the solo prediction distributions across all prediction tasks x, in the sample, the
average of all these distributions will converge to the classical error variance for the
special case in which there is a single predictive variable. See the Appendix for an
explanation of this result.

Partial Sample Regression

We now illustrate distributions of y, ., for predictions given by partial sample
regression based on simulated data from a more complex data-generating process.
Partial sample regression is based on the premise that we can form more reliable
predictions from subsamples of relevant observations than the full sample of
observations. This is because in many prediction circumstances, nonrelevant
observations contradict or obscure useful patterns that would otherwise allow us to
form a more reliable prediction.
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To illustrate the information distributions that come from partial sample
regression, we draw simulated observations from two distinct regimes whose obser-
vations for X collectively form a bimodal distribution. One of the regimes, which we
refer to as the majority regime, occurs 75% of the time. Its predicted outcomes are
equal to the values of X drawn from a normal distribution with a mean of 5 and a
standard deviation of 3, plus an error term that is normally distributed with a mean
of O and a standard deviation of 3. The second regime, which we refer to as the
minority regime, occurs 25% of the time. Its predicted outcomes are equal to two
times the values of X drawn from a normal distribution with a mean of -5 and a
standard deviation of 2, plus an error term that is normally distributed with a mean
of O and a standard deviation of 3.

Exhibit 2 shows boxplots demarcating the median, 25th, 75th, 10th, and 90th
percentiles, along with the actual prediction (average), for predictions of a majority
regime circumstance and a minority regime circumstance given several censoring
thresholds. This exhibit reveals that the distributions as summarized by these box-
plots are not far apart from each other for the majority regime shown in Panel A,
which makes sense because the majority regime is highly prevalent and, therefore,
well represented by most subsamples of observations.

The distributions for the minority regime in Panel B are wider because uncertainty
in X is magnified as a result of its greater contribution to the Y outcomes. In addi-
tion, the more focused subsamples of relevant observations give notably tighter
distributions. This occurs because partial sample regression carefully curates the
observations to predict uncommon outcomes, censoring the irrelevant information
from the majority regime.

This insight raises the question of how to determine the optimal subsample
of relevant observations for a given prediction task, which leads us to the broader
formulation of relevance-based prediction.

EXHIBIT 2

Boxplots of Predictions of Outcomes for Different Censoring Thresholds
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RELEVANCE-BASED PREDICTION

To focus attention on the distribution of y, .., we illustrated it using partial
sample regression, which is a simplified and less refined version of RBP. RBP extends
partial sample regression in two important ways: It applies a principled way for
determining the optimal subsample of relevant observations for each prediction task
based on a statistic called fit, and it incorporates a prediction grid to account for the
codependence of observations and predictive variables on the specific circumstances
of each individual prediction task.

Fit

Fit quantifies the prevalence of useful patterns in a dataset for the purpose of
forming a specific prediction. It reveals how much confidence we should have in a
prediction, separate from the confidence we have in the overall prediction routine.’
Thus, it also provides a principled way to evaluate the relative efficacy of alternative
calibrations before a prediction is rendered. Mathematically, fit measures the degree
of alignment between weights and outcomes and may be expressed in terms of
products for pairwise observations, as shown in Equation 19, or equivalently as
the squared correlation between weights and outcomes, as shown in Equation 20.
We should also note that all the formulas we have thus far considered for weights
rely only on relevance, which in turn relies only on the x;s, the x,, and the x . They do
not use any of the information from outcomes. To determine fit, however, we must
consider outcomes (the y;s).

) 1
fit.= NC1p PIDIEIEIEIN (19)
fit,= p(w, y)° (20)
. -y —1/N .
In Equation 19, z,= YimY and z, = u Note that for partial sample

o G,

weights, stronger patterns inythe retained subsa"mple may increase fit, whereas the
presence of near-zero weights for censored observations will dampen fit. Fit evaluates
the fundamental trade-off associated with focused subsamples. Like relevance, fit is
not arbitrary. In the case of linear regression with n = N, the informativeness-weighted
average fit across all prediction tasks in the observed sample equals R*.®

N
R2= —2 3 info(x, X)ft, (21)
N-1%

Censoring observations that fall below a relevance threshold is more effective
to the extent that there is asymmetry between the fit of the weights formed from
the retained subsample of observations and the fit of the weights formed from the
complementary set of censored observations. We measure asymmetry between the
fit of the retained and censored subsamples, as shown in Equation 22. The (+)
superscript designates weights formed from the retained observations, and the (-)
superscript designates weights formed from the censored observations. Asymmetry
recognizes the benefit of censoring nonrelevant observations that contradict the

"For evidence of fit’s ability to distinguish more reliable predictions from less reliable predictions,
see Czasonis et al. (2025b, 2025¢c).
8See Czasonis et al. (2022a) for proof of this result.
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predictive relationships that exist among the relevant observations. This assessment
also inherently considers the relative sample sizes of the two subsamples.

1 )
asymmetry, = = (p(w;", ) = pw;”, y)’ (22)

To calculate adjusted fit, we add asymmetry to fit and multiply this sum by K, the
number of predictive variables included in the prediction, as shown in Equation 23.
Multiplication by the number of predictive variables allows us to compare predictions
based on different numbers of predictive variables. Adjusted fit recognizes that we
are more likely to observe a spurious relationship from prediction weights based on
just one or a few variables than we are based on a collection of many variables.

adjusted fit, = K(fit, + asymmetry,) (23)

Grid Prediction

Grid prediction employs a grid in which the columns represent different combinations
of predictive variables, and the rows represent subsamples of observations deter-
mined by different relevance thresholds. Each cell contains a prediction and an
associated adjusted fit. The assessment of reliability using adjusted fit occurs before
the prediction is rendered and the subsequent outcome is known. Grid prediction
forms a composite prediction as a reliability-weighted average of the predictions from
all possible calibrations. Equation 24 defines reliability weights, y,, as the adjusted
fit for a parameter calibration, 6, divided by the sum of all adjusted fits across all
parameter calibrations.

W, = adju§ted fite. (24)
Y ,adjusted fit;

Equation 25 describes the composite grid prediction.

yt,grid = ze Wej’t,e (25)

Note that each cell’s prediction is a linear function of observations, and the grid
prediction is a linear function of each cell’'s prediction. Therefore, we can express
the grid prediction in terms of composite weights applied to each observation, as
shown in Equation 26. Composite weights are important because they preserve the
transparency of each observation’s contribution to the current prediction task, and
they allow us to calculate fit from composite weights as a final gauge of the grid
prediction’s reliability.

Witgria = 29 YoWiie (26)

ILLUSTRATION OF DISTRIBUTIONS OF SOLO PREDICTIONS
FROM RBP’S PREDICTION GRID

As an illustration, we now apply grid prediction to forecast the future one-year
change in the effective federal funds rate. We use two predictive variables:

= X1: Employment, measured as the annual change in nonfarm payrolls
= X2: Inflation, measured as the annual change in personal consumption
expenditures, excluding food and energy
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We consider all three combinations of the predictive variables: X1 and X2,
X1 by itself, and X2 by itself. We consider four subsamples of observations in
the grid based on censoring thresholds of 0% (full sample), 20%, 50%, and 80%.
For each prediction, we filter on both relevance and similarity.’ Therefore, the prediction
grid has 24 cells (3 variable combinations times 4 subsamples times 2 censoring
criteria). For our training data, we use nonoverlapping calendar year observations
from 1961 to 2023.

We highlight two predictions: the one-year rate change for 2023 and the one-
year rate change for 2025. For each prediction, our inputs reflect the employment
and inflation values for the prior year. For 2023, RBP predicted that the effective
federal funds rate would increase by 90 bps compared with an actual increase
of 120 bps. For the calendar year that ended in December 2025, RBP predicted
the effective federal funds rate would decrease by 30 bps compared to an actual
decrease of 75 bps.

The composite predictions that are given by the grid are fit-weighted averages
of the individual cell predictions. And each cell’s prediction is a weighted average
of the solo predictions from the individual observations that are used by each cell.
We construct a distribution of the information given by pooling the solo predictions
across all the cells in the grid, which we show in Exhibit 3. The dotted lines in Exhibit 3
show the aggregate predictions, which are the means of each distribution.

Exhibit 3 demonstrates how the grid preserves and assembles the information
from each observation across all the grid cells to form composite distributions of all
the information used to form each prediction. It also reveals that these distributions
differ from prediction to prediction and that they are distinctly different from classical
distributions based on a model’s summary statistics. From first principles, we should
expect the distributions of information given by the grid to have greater resolution
than distributions composed from a single combination of variables and observations
because the grid distributions capture a much broader set of distinct solo predictions
based on different combinations of variables.

EXHIBIT 3

Distribution of Solo Predictions from Grid Prediction
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°It is often helpful to censor the observations on just similarity as well as relevance, though we
always form the prediction as a relevance-based weighted average. Moreover, we need not choose which
censoring criterion to use. We let adjusted fit determine the best censoring criterion.
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THE CONNECTION OF FIT AND SOLO PREDICTIONS

We described two distinct but related measures of a prediction’s reliability: fit
and the distribution of solo predictions, which is the distribution of information that
is used to form a prediction. Both give insight into the reliability of a prediction, but in
different ways. Fit measures the strength of the signal within a dataset for a particular
prediction. It quantifies the alignment between the observation weights given by the
X variables and the outcomes given by the y variable. The distribution of the solo
predictions gives a visual description of the noise around the prediction. Although
we can compute the variance of the solo predictions, as we show in the Appendix,
its greater value is that it reveals how the noise is shaped. Fit can be thought of as
the signal for the prediction, and the distribution of solo predictions can be thought
of as the noise associated with the signal.

We can also think of a solo prediction as a single observation’s vote on what the
prediction should be. If the votes are alike, we know that there is strong agreement
across the observations. If the votes are widely dispersed, we know that there is
considerable disagreement. If one vote is extremely large, we know that a single
observation strongly influences the prediction. If the votes are bimodal, we know
that the average prediction is unlikely to occur and that we need to consider the
circumstances that bifurcate the distribution.

We would never be able to observe the solo predictions given by a regression
model except in the special case in which it converges to RBP (full sample, all
variables), or a neural network, which is hopelessly opaque. RBP gives full visibility
into the alignment of observation weights and outcomes, which is fit, and into the
distribution of the observations’ solo predictions. Models, by contrast, only yield
summaries of the nuanced information revealed by RBP, and summaries, without
accompanying transparency into the requisite details, can be very misleading.

SUMMARY

We first compared model-based assessments of confidence with RBP’s
information-based measure of prediction uncertainty. Model-derived distributions
tell us about the range of prediction errors that we should expect and the range of
estimated predictions that we should expect if we repeated the prediction with dif-
ferent data. We should have less confidence in a prediction if these distributions are
wide than if they are tight. These model-based methods, however, assume that the
model is correctly specified and that the predictive variables are measured without
error. By contrast, RBP assesses a prediction’s reliability on the basis of the consis-
tency of the information that is used to form each individual prediction. RBP tells us
that we should have more trust in a prediction if it is formed from information that is
mutually supportive than if it is formed from information that is mutually contradictory.

We then introduced the notion of partial sample regression, which is a model-free
prediction technique that forms a prediction as a weighted average of observed out-
comes in which the weights are based on a precise and theoretically justified statistic
called relevance. We explained that the premise of partial sample regression is to
form a prediction from a subsample of relevant observations, which in most cases
gives a more reliable prediction than the full sample of observations.

We then showed how the model-free nature of partial sample regression enables us
to form single-observation predictions called solo predictions. These solo predictions
are the building blocks that aggregate to the prediction given by all the observations
that are used by partial sample regression to form the prediction.
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We evaluated the distribution of solo predictions on simulated distributions,
assuming that both the observations and errors come from a standard normal
distribution, for a special case of partial sample regression that uses the full sample
of observations. This special case gives the same prediction as linear regression,
which enabled us to compare our information distributions with the classical distribu-
tion that comes from the stylized assumptions of linear regression. This comparison
showed how the distributions of information differ from each other and from the
classical distribution of possible values.

We then evaluated distributions of solo predictions in which the observations
were drawn from a bimodal distribution composed of a majority regime and a
minority regime. We summarized these distributions with boxplots. We showed that
the boxplots were relatively similar for predictions of outcomes associated with the
majority regime but different for outcomes associated with the minority regime. This
distinction highlighted the fact that partial sample regression carefully curates the
observations to predict unusual outcomes.

We next introduced RBP, which depends crucially on fit. Fit quantifies the
prevalence of useful patterns in a dataset for forming a prediction. We showed how
fit gives advance guidance of a prediction’s reliability, which enables us to identify
the best subsample of observations for a given prediction task. We discussed the
connection of fit to solo predictions within the context of a signal-to-noise ratio, with
fit representing the signal and the distribution of solo predictions representing the
noise associated with the signal. We then extended this concept to the choice of
predictive variables. We discussed how the choice of both observations and predic-
tive variables is codependent on the unique circumstances of each prediction task.
We described the prediction grid, which considers a vast number of combinations of
observations and predictive variables. The columns of the grid represent different
combinations of predictive variables, and the rows represent different subsamples
of observations based on different censoring thresholds. Each cell in the grid has
a prediction and an associated fit. The grid forms a composite prediction as a fit-
weighted average of the predictions across all the grid cells. It, therefore, produces
a composite prediction that is diversified across many calibrations, but in a way that
bends toward those combinations of observations and predictive variables that give
more reliable predictions.

We then presented a simple illustration of grid prediction in which we predicted
annual changes in the effective federal funds rate. We demonstrated that because
each cell’s prediction is a weighted average of solo predictions and because the
grid’s composite prediction is a weighted average of all the cell predictions, we
can construct distributions of all the information in the grid that is used to form a
composite prediction.

Finally, we described how fit and the distribution of solo predictions are related
within the context of a sighal-to-noise ratio. Fit measures the strength of the signal
that comes from the alignment of the observation weights and outcomes within a
dataset, and the distribution of solo predictions represents the noise associated
with the signal.

In conclusion, we do not assert that RBP’s measure of prediction uncertainty is
necessarily better than a model-based assessment of confidence. It does, however,
give a completely novel perspective about a prediction’s reliability, and it does so in
a way that does not assume perfect accuracy of the model and error-free observation
of the predictive variables. We, therefore, recommend it as a valuable complement
to conventional measures of confidence.
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APPENDIX
SOLO DISTRIBUTION VARIANCE VS. LINEAR REGRESSION

In the following analysis, we derive an expression for the average variance of the RBP
solo prediction distributions across all prediction tasks in the case of a linear regression
and we relate it to the classical variance of the error term from a linear model.

Let us assume without loss of generality that y = 0. The following expressions give
the solo predictions and their associated weights.
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Note that the two terms in Equation A-14 have a parallel structure with conceptually
related components. The first elements in each term relate to A?; the second elements
represent the variance in relevance weights, uncensored and censored, respectively;
and the third elements represent the variance in outcomes in the partial sample and full
sample, respectively. The equation shows intuitive relationships. The variance of the solo
distribution is fundamentally in the units of the variance of outcomes. All else equal, it
increases with higher variance of partial sample outcomes for the current prediction, and
with more extreme prediction circumstances (high info(x,). All else equal, it decreases
when fit rises.

In the special case of a linear regression, where 3(r,) = 1 for all i, we have =1,
o2 =info(x,) and 67 ..., = 67, SO the formula reduces to

o2 = info(x,)o? (1 - fit,) (A-15)

t,solo,linear

Now let us take the average of 67, ... across all prediction tasks t in the observed

sample of N (dividing by N — 1 rather than N, which makes little difference):
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Equation A-17 characterizes the average variance of the solo distribution. Notably,
it increases with the number of predictive variables, K. When there are more predictive
variables, the noise in those variables creates more dispersion in the solo predic-
tions, reflecting greater uncertainty in the information that underlies a linear regression
prediction. For a sufficiently large sample, adding a pure noise variable to linear regression
will have little impact on prediction values because the noise cancels out. But this noise
variable will still increase the variance of the information that informs the prediction.
For RBP grid predictions, the grid assigns less weight to cells that do not exhibit useful
patterns for a prediction. As a result of this prediction logic, noise variables may contribute
less to information variance than they would in a linear regression context.

Let us now consider how Equation A-17 relates to the classical range of outcomes for
a prediction. For the special case of just one predictive variable (K = 1), we have

i G2
N—l t = t,sololinear

=0,(1-R*) =0’ (A-18)

Equation A-18 reveals why the solo distributions from Exhibit 1 were close to the
classical distributions with a variance of 62 and why one of the distributions was narrower
than the classical distribution while the other was wider. On average across all empirical
prediction tasks, the solo distributions will converge to a variance of csf for the special
case where K = 1.
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For comparison, it is interesting to note how the variance of a solo distribution for a
linear regression prediction from Equation A-15 (67, jnear = iNfo(X, )05 (1 — fit,)) relates to
the classical variance of a linear regression prediction y, . ..., which can be expressed as

2 —
¥ t linear N — 1

info(x,)o2 (A-19)

€

o2 1 info(x,)o%(1 - R?) (A-20)

,\A’t,linear = N _ 1

The classical statistic pertains to the prediction value, rather than the distribution of
information contained in the solo distribution. Therefore, the classical statistic reflects an
average over N — 1 observations that decreases its variance by comparison. Although it
does depend on the prediction circumstances info(x,), it also implicitly assumes that the
reliability of every prediction task is equal by using R? in every case, and it only provides
the statistical summary of variance for the uncertainty. By contrast, RBP’s solo distribu-
tions reflect prediction-specific fit, and they reveal the entire empirical distribution rather
than just summaries.
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